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ABELIAN SPLITTINGS AND JSJ-DECOMPOSITIONS OF
BESTVINA–BRADY GROUPS
YU-CHAN CHANG
Abstract
We give a characterization of Bestvina–Brady groups split over abelian subgroups and describe
a JSJ-decomposition of Bestvina–Brady groups.
1. Introduction
Given a finite simplicial graph Γ, the associated right-angled Artin group AΓ is generated
by all the vertices of Γ, and the relators are commutators [v, w] for every pair of adjacent
vertices v and w. Right-angled Artin groups have been under the spotlight of geometric
group theorists for a while because they contain many interesting subgroups; see [3] for
a survey on right-angled Artin groups. This article will focus on one of the subgroups of
right-angled Artin groups, namely the Bestvina–Brady groups HΓ [1]; we refer to Section
2.1 for definitions and properties. Bestvina–Brady groups have an important connection
with topology: they are either counterexamples to the Elienberg–Ganea Conjecture or to
the Whitehead Conjecture ([1], Theorem 8.7).
We say that a group G splits over a subgroup C if G decomposes as an amalgamated
product G = A ∗C B with A 6= C, B 6= C or an HNN-extension G = A∗C . Groves and
Hull [7] gave a characterization of nontrivial splittings of right-angled Artin groups over
abelian subgroups, which generalized Clay’s result [4]. Clay showed that a right-angled
Artin group AΓ splits over Z if and only if Γ has a cut-vertex. Groves and Hull proved that
AΓ splits over an abelian subgroup if and only if Γ has a separating clique; see Theorem 2.4.
In Section 2, we prove a similar result for Bestvina–Brady groups: HΓ splits over an abelian
subgroup if and only if Γ has a separating clique. Similar to the result of Groves and Hull,
some splittings of Bestvina–Brady groups can be seen from the defining graphs. If Γ is not
connected or has a cut-vertex, then HΓ splits as a free product. If Γ is a complete graph on
n vertices, then HΓ ∼= Z
n−1 (see Example 2.3), and it splits over Zn−2 as an HNN-extension.
If Γ contains a separating clique K, and Γ \ K is a disjoint union of Γ1 and Γ2, then HΓ
splits as HΓ1∪K ∗HK HΓ2∪K . Note that HK is a free abelian group. These observations rely
on the Dicks–Leary presentation [6] of Bestvina–Brady groups; see Theorem 2.1.
A JSJ-decomposition or a JSJ-splitting of a group G is a graph of groups decomposition
that encodes all the possible splittings of G over a fixed family of subgroups. We refer the
reader to Guirardel–Levitt [8] for a complete introduction. For some groups, their JSJ-trees
(the Bass–Serre tree of an JSJ-decomposition) is a quasi-isometry invariant. Bowitch [2]
constructed a canonical JSJ-splitting of 1-ended hyperbolic groups over 2-ended subgroups,
and the JSJ-tree for this canonical JSJ-splitting is a quasi-isometry invariant. Dani and
Thomas [5] used Bowditch’s JSJ-tree to classify certain hyperbolic right-angled Coxeter
groups up to quasi-isometry. In [4] and [7], the authors gave an JSJ-trees of right-angled
1
Artin groups over Z and abelian subgroups, respectively. In Section 3, we provide a JSJ-tree
of Bestvina–Brady groups over abelian subgroups.
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2. Abelian Splittings of Bestvina–Brady Groups
2.1. Bestvina–Brady Groups. Let Γ be a finite simplicial graph. The associated Bestvina–
Brady group HΓ is defined to be the kernel of the group homomorphism AΓ → Z which sends
all the generators to 1. Some algebraic properties of Bestvina–Brady groups can be identified
by their defining graphs. For example, HΓ is finitely generated if and only if Γ is connected;
HΓ is finitely presented if and only if the flag complex on Γ is simply-connected. We refer
the reader to [1] for the proofs of these facts. When HΓ is finitely generated, one can write
down its presentation from Γ, called the Dicks–Leary presentation [6]:
Theorem 2.1. ([6], Theorem 1, Corollary 3) Let Γ be a finite simplicial graph. If Γ is
connected, then HΓ is generated by the set of directed edges of Γ, and the relators are all
words of the form
en
1
en
2
· · · enk , k, n ∈ Z, n 6= 0, k ≥ 2,
where (e1, e2, · · · , ek) is a directed cycle in Γ. Each directed edge e with initial vertex v1 and
terminal vertex v2 embeds into AΓ as e = v1v
−1
2
.
If the flag complex on Γ is simply-connected, then the above presentation is finite, where
the generators are directed edges of Γ and the relators are e1e2 = e3 = e2e1 for every directed
triangle (e1, e2, e3); see Figure 2.1.
e1
e2
e3
Figure 2.1. Directed triangle (e1, e2, e3).
The Dicks–Leary presentation is not necessary a minimal presentation. However, when
HΓ is finitely presented, its generating set of HΓ can be reduced to the set of the directed
edges of a maximal tree of Γ, and the relators are commutators ([9], Corollary 2.3.)
Example 2.2. Let Γ be a tree on n vertices, then Γ has no triangles and the flag complex
on Γ is simply-connected. Thus, HΓ ∼= Fn−1.
Example 2.3. Let Γ be a complete graph on n vertices. Consider the maximal tree T of
Γ. Since any three edges of Γ form a triangle, the edges of Γ \ T can be eliminated from
the generating set of HΓ. Thus, HΓ is generated by the directed edges of T and each of the
generators commutes with other generators. Since T has n− 1 edges, we have HΓ ∼= Z
n−1.
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The Bestvina–Brady groups in the above examples are isomorphic to some right-angled
Artin groups. We want to point out that this is not true in general. Papadima and Suciu [9]
constructed families of Bestvina–Brady groups which are not isomorphic to any right-angled
Artin groups. For example, the Bestvina–Brady on the graph shown in Figure 3.1 is not
isomorphic to any right-angled Artin groups; see the Example 2.8 and Proposition 9.4 in [9].
2.2. Abelian splittings. We first state the result of Groves and Hull for right-angled Artin
groups.
Theorem 2.4. ([7], Theorem A) Let Γ be a finite simplicial graph. The associated right-
angled Artin group AΓ splits over an abelian subgroup if and only if one of the following
occurs:
(1) Γ is disconnected;
(2) Γ is a complete graph; or
(3) Γ contains a separating clique.
We prove a similar result for Bestvina–Brady groups.
Proposition 2.5. Let Γ be a finite simplicial graph. The associated Bestvina–Brady group
HΓ splits over an abelian subgroup if and only if Γ satisfies one of the following:
(1) Γ is disconnected;
(2) Γ has a cut-vertex;
(3) Γ is a complete graph; or
(4) Γ has a separating clique.
Proof. One direction is obvious, as we described in the introduction. That is, if one of the
situations from (1) to (4) occurs, then HΓ splits over an abelian subgroup.
For another direction, if HΓ splits as a free product A ∗ B, then by the Dicks–Leary
presentation, Γ is either disconnected or has a cut-vertex. Suppose HΓ splits as A ∗Zn B,
and the groups A,B,Zn have the following Dicks–Leary presentations (not necessary finite
or minimal presentations):
A = 〈a1, · · · , aα, e1, · · · , ek | R1〉,
B = 〈b1, · · · , bβ, e1, · · · , ek | R2〉,
Z
n = 〈e1, · · · , ek | [ei, ej]〉,
where the union of all the generators of A,B,Zn is the set of the directed edges of Γ. The
edges e1, · · · , ek form an (n+1)-clique; see Example 2.3. Consider the induced graphs Γ1,Γ2
and Γ3 of Γ whose (directed) edges are generators of A,B and Z
n, respectively. Observe
that Γ1 ∪ Γ2 = Γ and Γ1 ∩ Γ2 = Γ3. The associated right-angled Artin group AΓ splits as
AΓ1 ∗AΓ3 AΓ2 . By Theorem 2.4, Γ3 is a separating (n + 1)-clique of Γ. 
The next corollary is a consequence of Theorem 2.4 and Proposition 2.5.
Corollary 2.6. Let Γ be a finite simplicial graph. Then AΓ splits over Z
n if and only if HΓ
splits over Zn−1. In particular, when n = 0, 1, HΓ splits as a free product.
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3. JSJ-decompositions of Bestvina–Brady Groups
3.1. Group actions on trees. We recall some definitions here. Let G be a group acting
on a tree T without inversions. We assume all the actions on trees are without inversions.
A tree T is nontrivial if the action has no global fixed points. An element g ∈ G is said to
be elliptic, or g acts on T elliptically, if g fixes a point in T ; g ∈ G is hyperbolic if it is not
elliptic. A hyperbolic element g fixes an axis in T on which g acts by translation. Similarly,
a subgroup H < G is elliptic, or H acts on T elliptically, if it fixes a point in T . We denote
the fixed points set of g and H by Fix(g) and Fix(H), respectively.
Lemma 3.1. ([7], Lemma 1.1) Let G be a group acting on a tree T . If g1, g2 ∈ G are
commuting elliptic elements, then Fix(g1) ∩ Fix(g2) 6= φ and g1g2 is elliptic.
For completeness, we reproduce the proof here.
Proof. Suppose Fix(g1) ∩ Fix(g2) = φ, then there exists a unique geodesic L connecting
Fix(g1) and Fix(g2) ([10], Lemma 9). Since g1 commutes with g2, g1 fixes Fix(g2). Also, g1
fixes Fix(g1). Thus, g1 fixes the geodesic L. The same argument shows that g2 also fixes L.
Thus, Fix(g1) and Fix(g2) are not disjoint. For the second statement, let x ∈ Fix(g1)∩Fix(g2),
then g1g2x = g1x = x. Thus, g1g2 is elliptic. 
Lemma 3.2. Let G be a group acting on a tree T . If g1 and g2 are commuting elliptic and
hyperbolic elements of G, respectively, then g1g2 is hyperbolic.
Proof. Suppose g1g2 is elliptic. Since g1 and g1g2 commute, by Lemma 3.1 we have Fix(g1)∩
Fix(g1g2) 6= φ. Let x be a common fixed point of g1 and g1g2, then g1x = g1g2x implies
g2x = x, which is a contradiction. Hence, g1g2 is hyperbolic. 
Lemma 3.3. If AΓ acts on a tree T , then each generator of AΓ is elliptic if and only if each
generator of HΓ is elliptic.
Proof. Suppose each generators of AΓ is elliptic. Let e be a directed edge with the initial
vertex v1 and the terminal vertex v2. By Lemma 3.1, v1v2 is elliptic, hence e = v1v
−1
2
is
elliptic. Conversely, let e ∈ HΓ be a generator connecting vertices v1 and v2. If either v1 or
v2 is not elliptic, then v1v2 is hyperbolic by Lemma 3.2 since v1 commutes with v2. If v1 and
v2 are hyperbolic, then v1v2 is also hyperbolic. Both cases imply e = v1v
−1
2
is hyperbolic, a
contradiction. 
Lemma 3.4. ([10], p.64, Corollary 2) Let G be a finitely generated group generated by
g1, · · · gn. If G acts on a tree T such that gi and gigj have fixed points, then G has a fixed
point.
Lemma 3.5. If HΓ acts on a tree T such that each generator is elliptic, then HK is elliptic
for any clique K in Γ.
Proof. Since K is a clique, HK is a free abelian group generated by the set of the directed
edges of the maximal tree of K. Then the result follows by Lemma 3.1 and Lemma 3.4. 
3.2. JSJ-decompositions. In [7], the authors described a graph of groups decomposition of
AΓ over abelian subgroups such that each vertex of Γ acts on the Bass–Serre tree elliptically.
They called such a decomposition a vertex-elliptic abelian splitting. When AΓ admits a
vertex-elliptic abelian splitting, by Lemma 3.3, the associated Bestvina–Brady group HΓ
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also has a graph of groups decomposition over abelian subgroups such that each directed
edge of Γ acts on the Bass–Serre tree elliptically. We call such a splitting an edge-elliptic
abelian splitting. We will describe these splittings later.
We recall some terminologies from [8]. Fix a family A of subgroups of G. If G acts on a
tree T such that all the edge stabilizers are in A, then we call T an A-tree. An A-tree is
called universally elliptic if its edge stabilizers fix a point in every A-tree. A tree T dominates
another tree T ′ if every subgroup of G that fixes a point in T also fixes a point in T ′.
Definition 3.6. A JSJ-tree of G over A is an A-tree T such that it is universally elliptic
and dominates any other universally elliptic A-tree. The graph of groups G = T/G is called
a JSJ-decomposition of G over A.
If we further fix another family H of subgroups of G and require that each H ∈ H fixes a
point in anA-tree T , then T is called an (A,H)-tree. If an (A,H)-tree T is universally elliptic
and dominates any other universally elliptic (A,H)-tree, then T is called a JSJ-tree over A
relative to H, and the corresponding graph of groups G = T/G is called a JSJ-decomposition
of G over A relative to H.
Definition 3.7. An edge-elliptic abelian JSJ-decomposition of HΓ is a JSJ-decomposition
over A relative to H, where A is the family of abelian subgroups of HΓ and H = {〈e〉 | e is
a direct edge of Γ}.
Let Γ be a finite simplicial graph. If Γ has no separating cliques, then AΓ does not
split over abelian subgroups, and neither does HΓ. If Γ is not connected, then AΓ and HΓ
split as free products. If Γ has a cut-vertex, then AΓ splits over Z and HΓ splits as a free
product. Suppose Γ is connected and has no cut-vertices. We now describe a graph of
groups decomposition of AΓ given in [7]. Let K1, · · · , Kn be a collection of the minimal size
separating k-cliques of Γ, k ≥ 2. Each of these separating k-cliques gives a splitting of AΓ
over AKi , and the vertex groups are AΓij∪Ki, where Γij is a connected component of Γ \Ki.
For each vertex group AΓij∪Ki, spot the minimal size (larger than k) of separating cliques of
Γij ∪Ki, then each of these separating cliques gives a splitting of the vertex group AΓij∪Ki
over abelian subgroups defined by that separating clique. Continue this procedure, we obtain
a graph of groups decomposition GAΓ of AΓ. In fact, GAΓ is a vertex-elliptic abelian splitting.
We refer the reader to [7] for a more detailed description and the proof of the next theorem.
Theorem 3.8. ([7], Theorem 2.4) The graph of groups decomposition GAΓ of AΓ is a vertex-
elliptic abelian JSJ-decomposition.
For a vertex-elliptic abelian splitting GAΓ , replace each vertex group and edge group by
their associated Bestvina–Brady groups. By Proposition 2.5 and Corollary 2.6, we obtain
a graph of groups decomposition GHΓ of HΓ. Moreover, it follows by Lemma 3.3 that GHΓ
is an edge-elliptic splitting. Note that from our construction, the underlying graphs of the
graph of groups decompositions GAΓ and GHΓ are the same. It is also proven in [7] that the
underlying graph of a vertex-elliptic abelian splitting GAΓ is a tree.
Lemma 3.9. Suppose HΓ has an edge-elliptic abelian splitting GHΓ. The underlying graph
of GHΓ is a tree.
Proof. By Corollary 2.6 and Lemma 3.3, the corresponding right-angled Artin group AΓ
admits a vertex-elliptic abelian splitting GAΓ , and its underlying graph is a tree ([7], Lemma
2.1). 
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Theorem 3.10. The graph of groups decomposition GHΓ of HΓ is an edge-elliptic abelian
JSJ-decomposition.
Proof. Denote TA and TH the Bass–Serre trees of GAΓ and GHΓ , respectively. Since HΓ is
a subgroup of AΓ, TH is a subtree of TA and AΓ acts on TH such that each generator acts
elliptically. By Lemma 3.3, HΓ also acts on TH such that each generator acts elliptically.
Thus, GHΓ is an edge-elliptic abelian JSJ-decomposition.
Assume HΓ acts on another (A,H)-tree T such that each generator acts elliptically. By
Lemma 3.5, the edge stabilizer HK of TH fixes a point in T for any separating clique K in
Γ. Thus, TH is universally elliptic.
Let H be a elliptic subgroup of HΓ, then H either fixes a vertex or an edge of TH . Let HΓ
acting on another universally elliptic (A,H)-tree T such that each generator acts elliptically.
If H fixes an edge of TH , then by the previous argument H acts elliptically on T . Suppose
H fixes a vertex of TH , that is, H is a vertex stabilizer of TH . Then H = HΓ′ for some
induced subgraph Γ′ of Γ that has no separating cliques. Since HΓ acts on T such that each
generator acts elliptically, HΓ has an edge-elliptic abelian splitting whose Bass–Serre tree
is T . Then H is a vertex group of this splitting. Thus, H fixes a vertex of T . Hence, TH
dominates T . 
We end this section with one example.
Example 3.11. Let Γ be the graph as shown in Figure 3.1.
Figure 3.1. The graph Γ.
There are three separating 2-cliques (the minimal size) in Γ and each of these separating
2-cliques gives an edge group Z2 in GAΓ . After cutting along the separating 2-cliques, there
are four triangles and each of these triangles determines a vertex group Z3 in GAΓ . Figure
3.2 shows a vertex-elliptic abelian JSJ-decomposition GAΓ of AΓ.
Z
3
Z
3
Z
3
Z
3
Z
2
Z
2
Z
2
Figure 3.2. A vertex-elliptic abelian JSJ-decomposition of AΓ.
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Replace the vertex group and the edge group of GAΓ by their associated Bestvina–Brady
groups, that is, replace Z3 by Z2 and Z2 by Z. Then we obtain an edge-elliptic abelian
JSJ-decomposition GHΓ of HΓ, as shown in Figure 3.3.
Z
2
Z
2
Z
2
Z
2
Z
Z Z
Figure 3.3. An edge-elliptic abelian JSJ-decomposition of HΓ.
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